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ON THE MODULE STRUCTURE OF THE CENTER OF
HYPERELLIPTIC KRICHEVER-NOVIKOV ALGEBRAS II
BEN COX, XIANGQIAN GUO, MEE SEONG IM, AND KAIMING ZHAO
Abstract. Let R := R2(p) = C[t
±1, u : u2 = t(t − α1) · · · (t− α2n)] be the coordinate
ring of a nonsingular hyperelliptic curve and let g⊗R be the corresponding current Lie
algebra. Here g is a finite dimensional simple Lie algebra defined over C and
p(t) = t(t− α1) · · · (t− α2n) =
2n+1∑
k=1
akt
k.
In earlier work, Cox and Im gave a generator and relations description of the universal
central extension of g⊗R in terms of certain families of polynomials Pk,i and Qk,i and
they described how the center ΩR/dR of this universal central extension decomposes
into a direct sum of irreducible representations when the automorphism group was the
cyclic group C2k or the dihedral groupD2k. We give examples of 2n-tuples (α1, . . . , α2n),
which are the automorphism groups Gn = Dicn, Un ∼= Dn (n odd), or Un (n even) of
the hyperelliptic curves
(1) S = C[t, u : u2 = t(t− α1) · · · (t− α2n)]
given in [CGLZ17]. In the work below, we describe this decomposition when the auto-
morphism group is Un = Dn, where n is odd.
1. Introduction
In [CGLZ14] amongst other results, the automorphism group of derivation ring Der(R)
for R = C[t, (t − a1)
−1, . . . , (t − an)
−1] was described and interestingly enough the five
Kleinian groups Zn,Dn, A4, S4 and A5 appear as automorphism groups ofR for particular
choices of a1, . . . , an. These five groups also naturally appear in the McKay correspon-
dence, tying together the representation theory of finite subgroups G of SLn(C) to the
resolution of singularities of quotient orbifolds Cn/G. In this same paper, [CGLZ14],
the authors also described the universal central extension of this derivation Krichever-
Novikov algebra. One can in a straightforward manner show that the automorphism
group acts on the center ΩR/dR and one can naturally ask how the center decomposes into
a direct sum of irreducible representations. This is exactly what described in [Cox16a].
In previous work (see [CI18]) of the first and third authors we described how the
center ΩR/dR of the universal central extension of the hyperelliptic Lie algebra g ⊗ R
with R = C[t, t−1, u : u2 = p(t)] decomposes as a direct sum of irreducible modules
for the corresponding automorphism groups Cn and Dn, (n even). Here p(t) = t(t −
α1) · · · (t − α2n) =
∑2n+1
i=1 ait
i, with αi pairwise distinct complex numbers. From the
work of Grothendieck on the relationship between a Riemann surface and its de Rham
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cohomology groups one has
(2) ΩR/dR = Cω0 ⊕ . . .⊕ Cω2n
where ω0 = t−1 dt and ωi = t−ju dt for i = 1, . . . , 2n.
In [CI18] we described how ΩR/dR decomposes as a sum of irreducible representations
for the groups C2k and D2k when k|n.
Using this theorem one can give a description of the bracket of two basis elements in
the universal central extension of g ⊗ R in terms of polynomials Pk,i and Qk,i defined
recursively
(3) (2k + r + 3)Pk,i = −
r∑
j=1
(3j + 2k − 2r)ajPk−r+j−1,i for all k ≥ 0
with the initial conditions Pl,i = δl,i, −r ≤ i, l ≤ −1 and
(4) (2m− 3)a1Qm,i =
r+1∑
j=2
(3j − 2m)ajQm−j+1,i for all m > 0
with the initial conditions Ql,i = δl,−i for 1 ≤ l ≤ r and −r ≤ i ≤ −1. In this paper
g is assumed throughout to be a finite dimensional simple Lie algebra defined over the
complex numbers. The generating series for these polynomials can be written in terms of
hyperelliptic integrals using Bell polynomials and Faa´ de Bruno’s formula (see [Arb00],
[Bel28], [FdB55] and [FdB57]). One can compare this result to that given in [Cox16b]
and also in [CZ17].
We also describe in this paper (see Theorem 4.3) how Ka¨hler differentials modulo exact
forms ΩR/dR decompose under the action of the automorphism group of the coordinate
ring R := R2(p) = C[t
±1, u : u2 = p(t)] , where p(t) = t(t−α1) · · · (t−α2n) =
∑2n+1
i=1 ait
i,
with the αi being pairwise distinct roots. We recall Theorem 2.2, where we describe the
automorphism group of the universal central extension of the hyperelliptic Lie algebra as
a Z2-graded Lie algebra. This corrects a small error in our previous work [CGLZ17].
The possible automorphism groups for the hyperelliptic curve
R = C[t±1, u : u2 = t(t− α1) · · · (t− α2n)]
are the groups C2k = Z2k or one of the groups
D2k := 〈x, y | x
2k = 1, y2 = 1, xyx = y〉,
Dick := 〈x, y | x
2k = 1, y2 = xk, xyx = y〉,
Uk := 〈x, y | x
2k = 1, y2 = 1, xyx = yxk〉.
See Theorem 2.2 below, [CGLZ17, Corollary 15], [BGG93] and [Sha03] for more detail.
The polynomials Pk,i and Ql,j, which are defined in Proposition 3.3 in [CI18], give us
a description of how the center decomposes under the group of automorphisms of R.
The automorphism group of R has a natural action on ΩR/dR and thus it is natural
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to wonder how this representation decomposes into a direct sum of irreducible represen-
tations. When the automorphism group is C2k, we can rewrite (2) as a direct sum of
1-dimensional irreducible C2k-representations. More precisely the center decomposes as:
(5) ΩR/dR ∼= U0 ⊕ . . .⊕ Uk−1,
where Ur =
⊕
i≡r mod k,1≤i≤2n
Cωi for r = 1, . . . , k−1, a sum of one-dimensional irreducible
representation of C2k. The Ur are irreducible representations with character χr(s) =
exp(2πırs/2k) each occurring with multiplicity l and
U0 = Cω0 ⊕
l⊕
i=1
Cωki.
If the automorphism group is D2k, with c
2n = a1, k|2n, and k is even, the center
decomposes under the action of D2k as
(6) ΩR/dR ∼= Cω0 ⊕
4⊕
i=3
U
(1−(−1)k)n
2k
i ⊕
k−1⊕
h=1
V
⊕
(1−(−1)h)n
k
h .
where Ui, i = 1, 2, 3, 4, are the irreducible one dimensional representations for D2k with
character ρi and Vh are the irreducible 2-dimensional representations for D2k with char-
acter χh, 1 ≤ h ≤ k − 1. Here Cω0 and U1 are the trivial representation.
On the other hand if k is odd, then the center decomposes as
ΩR/dR ∼= Cω0 ⊕
4⊕
i=3
U
⊕Υi(ǫi,νi)
i ⊕
k−1⊕
h=1
V
⊕
(1−(−1)h)n
k
h ,
where
Υi(ǫi, νi) =
(1− (−1)k)n
2k
(δi,3 + δi,4) + (−1)
i1− (−1)
n
4
+
1
2
(−1)i
2n∑
i=n+3
cn+3−2iPi−n−3,−i.
This is all derived in [CI18, Theorem 7.2].
We now turn to the case when the automorphism group is Dn, where n is odd. For n
odd, the center decomposes as
(7) ΩR/dR ∼= Cω0 ⊕ U
Ξ1
1 ⊕ U
Ξ2
2 ⊕
n−1
2⊕
j=1
Vj ,
where
Ξ1 =
1
2
−
1
2
2n∑
i=n+3
c
n+3−2i
2 Pi−n−3,−i and Ξ2 =
3
2
+
1
2
2n∑
i=n+3
c
n+3−2i
2 Pi−n−3,−i,
Cω0 is a 1-dimensional irreducible representation, Ui are pairwise distinct 1-dimensional
irreducible representations, and Vj are pairwise distinct 2-dimensional irreducible repre-
sentations (see Theorem 4.3 below). To prove this result below, we use the representation
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theory techniques of Frobenius and Schur as explained by Serre in [Ser77] and by Fulton
and Harris in [FH91] to prove our results.
Since Dick for k gives the same character table as that for D2k in our paper the decom-
position theorem should nearly look the same with the exception of that the irreducible
representations that appear are different and are for different groups. In other words,
the multiplicities of the irreducibles are the same but the representations are different.
We will explore this in our future work.
2. Automorphism group for R = C[t±1, u : u2 = p(t) = t(t− α1) · · · (t− α2n)].
In this section, we restrict to the case of r = 2n which allows us to use the results in
[CGLZ17], [BGG93] and [Sha03] on automorphism groups of such algebras.
2.1. Automorphisms of the algebra R2(p). Let S2n be the symmetry group on the
finite set {1, 2, . . . , 2n}.
First we recall some background material.
Theorem 2.1 ([BGG93] and [Sha03]). The automorphism group of a hyperelliptic curve
A = C[X, Y |Y 2 = P (X)] is isomorphic to one of the following groups:
Dn, Zn, Vn, Hn, Gn, Un, GL2(3), W2, W3
where
Vn := 〈x, y | x
4, yn, (xy)2, (x−1y)2〉,
Hn := 〈x, y | x
4, y2x2, (xy)n〉,
Gn := 〈x, y | x
2yn, y2n, x−1yxy〉,
Un := 〈x, y | x
2, y2n, xyxyn+1〉,
W2 := 〈x, y|x
4, y3, yx2y−1x2, (xy)4〉,
W3 := 〈x, y|x
4, y3, x2(xy)4, (xy)8〉.
In [Sha03] a description of the reduced automorphism group is described for a given
polynomial P (X). In our paper we do not work with the reduced automorphism group
and our coordinate ring is the localization C[t, t−1, u : u2 = p(t) = t(t− α1) · · · (t− α2n)]
of A.
For convenience, we need the following alternative description of the group Un:
(8) Un = 〈x1, y1 : y
2n
1 = 1, x
2
1 = y
n
1 , y1x1y1 = x
−1
1 〉.
Indeed, setting y = y1 and x = x1y1, we can get y
2n = 1, x2 = x1y1x1y1 = 1 and
xyxyn+1 = x1y
2
1x1y
n+2
1 = y
−1
1 (y1x1y1)
2yn+11 = y
−1
1 x
−2
1 y
n+1
1 = 1, which is just the gen-
erating relations of Un in Theorem 2.1. On the other hand, if x, y are the generators
of Un as described in Theorem 2.1, we set y1 = y and x1 = xy, which gives y
2n
1 = 1,
x21 = xyxy = y
n = yn1 and y1x1y1 = yxyy = xy
n+1 = x1y
n
1 , the generating relations in
(8). So the group Un defined by (8) coincides with the group Un in Theorem 2.1.
The result below describes the automorphisms of the algebra of the superelliptic curve
u2 = p(t), and corrects some errors that occur in [CGLZ17], Corollary 15.
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Theorem 2.2 (Corollary 15, [CGLZ17]). Let p(t) = t(t− α1) · · · (t− α2n), where αi are
pairwise distinct nonzero roots. The only possible automorphisms φ ∈ Aut(R2(p)) of the
algebra R2(p) are of the following types:
(1) There exist some 4n-th root of unity ξ and γ ∈ S2n with αγ(i) = ξ
2αi such that
(9) φ(t) = ξ2t, φ(u) = ξu.
We denote this φ by φξ which satisfies (φξ)
4n = id. Note that γ is uniquely
determined by ξ2.
(2) There exists c ∈ C and γ ∈ S2n with αiαγ(i) = c
2 such that
(10) φ(t) = c2t−1, φ(u) = ǫcn+1t−n−1u,
where ǫ = ±1 if
∏2n
i=1 αi = c
2n and ǫ = ±ı if
∏2n
i=1 αi = −c
2n. We denote these
φ by ψ±c respectively which satisfy (ψ
±
c )
2 = id if ǫ = ±1; (ψ±c )
2 = φ−1 if ǫ = ±ı;
ψ−c = ψ
+
−c if n is even; and ψ
±
−c = ψ
±
c if n is odd. Note that γ is uniquely
determined by c2.
For convenience we denote ψc = ψ
+
c in Theorem 2.2(2), and let Aut1(R2(p)) be the set
of all automorphisms coming from 2.2 (1), which is a subgroup of Aut(R2(p)).
Corollary 2.3 ([CGLZ17], Corollary 16). Let p(t) = t(t−α1) · · · (t−α2n), with pairwise
distinct roots.
(1) There exists some k ∈ N with k|2n such that Aut1(R2(p)) is generated by an
automorphism φξ of order 2k, where ξ is any primitive root of unity of order 2k.
(2) If ψc does not exist in Aut(R2(p)) for any nonzero complex number c, then
Aut(R2(p)) = Aut1(R2(p)) = 〈φξ〉 ≃ Z2k,
where k and ξ are as in (1).
(3) If ψc exists in Aut(R2(p)) for some complex number c with c
4n =
∏2n
i=1 αi, then
(11) Aut(R2(p)) = {φ
i
ξ, ψcφ
i
ξ : i = 0, 1, . . . , 2k − 1},
where φξ ∈ Aut1(R2(p)) is an automorphism of order 2k as in (1). In particular,
we have |Aut(R2(p))| = 4k. Moreover we have:
(12) Aut(R2(p)) =

Dk if 2n/k is even and
∏2n
i=1 αi = c
2n,
Gk if 2n/k is even and
∏2n
i=1 αi = −c
2n,
Uk with k even if 2n/k is odd.
Proof. For any φξ, φξ′ ∈ Aut(R2(p)), ξ, ξ
′ ∈ C, we have φξφξ′ = φξξ′ and hence Aut1(R2(p))
is a finite abelian group. Let φξ be an automorphism of the greatest order 2k with k|2n.
Then any other automorphism φξ′ must have order k
′ with k′|k. Hence ξ′ = ξr for some
r ∈ N and φξ′ = φ
r
ξ. Now Aut1(R2(p)) is generated by φξ. Hence (1) and (2) follow.
To prove (3), we first note that ψcψc′ ∈ Aut1(R2(p)) for any ψc, ψc′ ∈ Aut(R2(p)),
where c, c′ ∈ C. Let ξ, φξ and k be as in (1), then ξ is a primitive root of unity of
order 2k and hence ξk = −1. Set l = 2n/k. Take any ψc ∈ Aut(R2(p)). Now we can
deduce (11) easily. Noticing that elements listed in (11) are pairwise distinct, we see
|Aut(R2(p))| = 4k.
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With straightforward computations we deduce that
(φξψcφξ)(t) = ψc(t) and (φξψcφξ)(u) = ξ
−2nψc(u) = (−1)
lψc(u).
In case l is even, we have φξψcφξ = ψc. If
∏2n
i=1 αi = c
2n, then ψ2c = id and hence we have
an epimorphism from D2k to Aut(R2(p)). Since |D2k| = 4k, we have Aut(R2(p)) ∼= D2k.
Similarly, if
∏2n
i=1 αi = −c
2n, then ψ2c = φ−1 = φ
k
ξ and we have an epimorphism from Gk to
Aut(R2(p)). Moreover, from the fact |Gk| ≤ 4k we obtain that Aut(R2(p)) ∼= Gk = Dick.
In case l is odd, we have φξψcφξ = ψcφ−1 = ψcφ
k
ξ . If
∏2n
i=1 αi = c
2n, then ψ2c = id
and ψc, φξ satisfy the generating relations for Uk in Theorem 2.1; if
∏2n
i=1 αi = −c
2n,
then ψ2c = φ−1 = φ
k
ξ and ψc, φξ satisfy the generating relations for Uk in (8). We get
an epimorphism from Uk (k even) to Aut(R2(p)), which is an isomorphism by a similar
argument as in the previous paragraph. 
In the next example we will realize the groups Dicn = Gn and Un.
Example 2.4. Let p(t) = t
∏l
i=1
∏k
j=1(t − ciξ
2j) with pairwise distinct roots, where ξ
is primitive root of unity of order 2k and l = 2n/k. Set α(i−1)k+j = ciξ
2j. We have
φξ ∈ Aut1(R2(p)) which has order 2k.
(1) Suppose that l = 3 and |c1|, |c2|, |c3| are pairwise distinct. We see that Aut1(R2(p))
= 〈φξ〉 ∼= Z2k. But we can not find c ∈ C and γ ∈ S2n such that αiαγ(i) = c
2
(i.e., |c|2 = |ci| · |ci′ | for all i = 1, 2, 3 where i
′ 6= i is determined by i). So there
does not exist automorphism of R2(p) coming from (2) of Lemma 2.2. Hence
Aut(R2(p)) = Aut1(R2(p)) ∼= Z2k.
(2) Suppose that l = 2 and |c2| 6= |c1|. Then k = n, ξ
n = −1 and
∏2n
i=1 αi = c
n
1c
n
2 .
Take any c ∈ C such that c2 = c1c2, we have
∏2n
i=1 αi = c
2n and
c1ξ
j−ic2ξ
j+i = (ξjc)2,
2n∏
i=1
αi = (ξ
jc)2n.
We can define the automorphisms ψ±ξjc for all j = 0, 1, . . . , 2n− 1, that is,
ψ±
ξjc
: t 7→ ξ2jc2t−1, φ(u) = ±ξj(n+1)cn+1t−n−1u.
Denote ψc = ψ
+
c . We can check that ψ
+
ξjc = ψcφ
j
ξ if j is even and ψ
−
ξjc = ψcφ
j
ξ if
j is odd. Moreover, ψ−ξjc = ψ
+
ξn+jc if n is even and ψ
±
ξjc = ψ
±
ξn+jc if n is odd. So
these ψ±ξjc give rise to exactly 2n distinct automorphisms. By Corollary 2.3, we
have
Dn ∼= Aut(R2(p)) = {φ
j
ξ, ψcφ
j
ξ | j = 0, 1, . . . , 2n− 1}.
This provides a realization of the group Dn.
(3) Suppose that l = 1, k = 2n. Denote c = ξc1. Without loss of generality, we may
assume ξn = ı. Noticing ξ2n = −1, we have
∏2n
i=1 αi = c
2n and
(cξj+i)(cξj−i) = (ξjc)2,
2n∏
i=1
αi =
{
(ξjc)2n if j is even,
−(ξjc)2n if j is odd.
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We can define ψ±ξjc for j = 0, 1, . . . , 4n− 1. More explicitly, we have
ψ±
ξjc
: t 7→ ξ2jc2t−1, φ(u) = ±ξj(n+1)cn+1t−n−1u if j is even,
ψ±ξjc : t 7→ ξ
2jc2t−1, φ(u) = ±ıξj(n+1)cn+1t−n−1u if j is odd.
Denote ψc = ψ
+
c . We can check that ψ
+
ξjc = ψcφ
j
ξ if j ≡ 0 mod 4 or j ≡ 3 mod 4
and ψ−ξjc = ψcφ
j
ξ if j ≡ 2 mod 4 or j ≡ 1 mod 4. Moreover, ψ
−
ξjc = ψ
+
ξ2n+jc if n
is even and ψ±ξjc = ψ
±
ξ2n+jc if n is odd. So these ψ
±
ξjc give rise to exactly 4n distinct
automorphisms. Using Corollary 2.3, we can write
Un ∼= Aut(R2(p)) = {φ
j
ξ, ψcφ
j
ξ : j = 0, 1, . . . , 4n− 1}.
This provides a realization of the group Un.
By the above example, we can deduce the following description of the groups Dicn =
Gn,Un,V2n.
Corollary 2.5. Let n be any positive integer. Then
(1) Dicn = Gn = 〈x, y : y
2n = 1, x2 = yn, yxy = x〉 = {yi, xyi : i = 0, 1, . . . , 2n− 1},
(2) If n is odd, then Un ∼= Dn. If n is even, then |Un| = 4n and moreover
Un = 〈x, y : y
2n = 1, x2 = 1, yxy = xyn〉 = {yi, xyi : i = 0, 1, . . . , 2n− 1}.
Proof. Assertion (1) and the second statement of (2) follow directly from Corollary 2.3
and the above example. To prove the first statement of (2), let x, y be the generators of
Un as described in (2). Then we have yx = xy
n−1, and hence ynx = xyn(n−1) = x since
n is odd. We get yn = 1 and it follows that Un ∼= Dn if n is odd. 
We add to this another
Corollary 2.6 ([CI18], Corollary 6.4). Let p(t) = t(t − α1) · · · (t − α2n), where αi are
distinct roots. Two possible types of automorphisms φ ∈ Aut(R2(p)) of the algebra R2(p)
are the following:
(1) If αγ(i) = ζαi for some 2n-th root of unity ζ and γ ∈ S2n, then
(13) φ(t) = ζt, φ(u) = ±ξu,
where we can take ξ = ζ1/2 = exp(2πı/2k) with ζ having order k and k|2n. It
follows that φ has order 2k. In particular, after a change in indices
p(t) = t(t− α1)(t− ζα1) · · · (t− ζ
k−1α1) · · · (t− α2n/k) · · · (t− ζ
k−1α2n/k)
= t(tk − αk1)(t
k − αk2) · · · (t
k − αk2n/k)
=
2n
k∑
q=0
(−1)qeq(α
k
1 , . . . , α
k
2n/k)t
2n−qk+1,
(14)
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where eq(x1, x2, . . . , x2n/k) is the elementary symmetric polynomial of degree q in
x1, . . . , x2n/k:
eq(x1, x2, . . . , x2n/k) =
∑
1≤j1<j2<...<jq≤2n/k
xj1xj2 · · ·xjq .
In this case, 〈φ+ξ 〉
∼= Z2k.
(2) If, in addition to the above, there exists β ∈ S2n such that αiαβ(i) = c
2 for all i,
then φ±ξ (t) = ζt and φ
±
ξ (u) = ±ξu, and ψ(t) = c
2t−1 and
(a) ψ±c (u) = ±t
−n−1cn+1u if a1 =
2n∏
i=1
αi = c
2n,
or
(b) ψ±c (u) = ±t
−n−1ıcn+1u if a1 =
2n∏
i=1
αi = −c
2n.
In this case
(15) p(t) =
2n+1∑
r=1
art
r, where ak = ±c
2n−2k+2a2n+2−k
for k = 1, . . . , 2n+ 1. Here the ± in (15) corresponds to the ± in a1 = ±c
2n.
From [Skr88], we know that for any automorphism φ of the associative algebra R2(p),
one obtains an automorphism τ of the Lie algebra R2(p) := Der(R2(p)) through the
equation
(16) τ(f(t)∂) = φ(f)(φ ◦ ∂ ◦ φ−1) for all f ∈ R2(p).
In addition, any Lie algebra automorphism of R2(p) can be obtained from (16). Denote
by τ±ζ and σ
±
c the Lie algebra automorphisms corresponding to the associative algebra
automorphisms φ±ζ and ψ
±
c in Theorem 2.2 (1) and (2) respectively (if they indeed exist).
For convenience, denote τζ := τ
+
ζ and σc := σ
+
c .
3. Character Tables
3.1. Character Table and Irreducible Finite Dimensional Representations of
Un. Recall
(17) Un = 〈x, y | x
2, y2n, xyxyn+1〉.
Proposition 3.1.1. If n is odd, then Un = Dn is the dihedral group.
Suppose n = 2(2s+ 1). The conjugacy classes of Un are
{1}, {y2s+1}, {yn}, {y6s+3},
{y2j, y−2j} 1 ≤ j < 2s+ 1 = n/2, {y2j+1, yn−2j−1}, {yn+2j+1, y2n−2j−1} 1 ≤ 2j + 1 < l = n/2,
{x, xy4, . . . , xy2n−4}, {xy, xy5, . . . , xy2n−3}, {xy2, xy6, . . . , xy2n−2},
{x3, xy7, . . . , xy2n−1}
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for a total of n+ 6 conjugacy classes.
Suppose now n = 4s. The conjugacy classes of Un are then
{1}, {y2l},
{y2j, y−2j} 1 ≤ j < l, {y2j+1, yn−2j−1}, {yn+2j+1, y2n−2j−1} 1 ≤ 2j + 1 < l,
{x, xy2, . . . , xy2n−2}, {xy, xy3, . . . , xy2n−1}
for a total of n+ 3 conjugacy classes.
Proof. First we make the observation for n odd. We have yx = xyn−1 as x2 = 1,
xyxyn+1 = 1 and y2n = 1. Hence y2k+1x = xy(2k+1)(n−1) = xyn−1−2k. Thus if n = 2l + 1
is odd we have ynx = y2l+1x = xyn−2l−1 = x. But then yn = 1. Thus our generators and
relations would be
x2 = 1, yn = 1, xyx = y−1,
and Un = Dn is the dihedral group.
For the rest of the proof, we assume n = 2l is even. We have ykx = xyk(n−1) so
xy2jx = y2j(n−1) = y−2j
and
xy2j+1x = y(2j+1)(n−1) = yn−2j−1.
Thus we have two element conjugacy classes
{y2j, y2n−2j}, {y2j+1, yn−2j−1}
provided y2j 6= y2n−2j and y2j+1 6= yn−2j−1. For 1 ≤ j < n/2 one has y2j 6= y2n−2j and we
get all of the distinct such conjugacy classes if 1 ≤ j < n/2.
We break this up into two different cases n = 2(2s+ 1) and n = 4s, where l = 2s + 1
or l = 2s, respectively.
Case when n = 2(2s + 1). For y2j+1 = yn−2j−1, we have 4j + 2 ≡ n mod 2n so that
2(2j + 1) = (2k + 1)n for some k. Hence n must be even so n = 2l. Now 2j + 1 =
(2k + 1)l and l must be odd. Moreover 1 ≤ 2j + 1 = (2k + 1)l < 2n = 4l. This implies
2k + 1 ∈ {1, 3} or 2j + 1 = l or 2j + 1 = 3l. If n = 2l, then for 2j + 1 = l or 3l we get
yn−2j−1 = y2l−l = yl = y2j+1 and yn−2j−1 = y2l−3l = y−l = y3l = y2j+1 in the later case as
y4l = y2n = 1.
Consider now the case n=2l even with l = 2s + 1 odd and n > 4. We have the set of
elements
{1, y, ŷ2, . . . , y2j+1 , . . . , yl, . . . , y2l−2j−1 , . . . , y2l, . . . ,
yn+2r+1, . . . , y3l, . . . , y2n−2r−1, . . . , ŷ2n−2, y2n−1}
(18)
that breaks up into conjugacy classes with one element in them (the underlined elements
above):
{1}, {yl}, {y2l = yn}, {y3l},
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the conjugacy classes with even exponents {y2j, y2n−2j} with 1 ≤ j < l = n/2 (the hatted
elements above) and the other conjugacy classes with y having an odd positive exponent
are of the form
{y2j+1, yn−2j−1} for 1 ≤ 2j + 1 < l,
and
{yn+2j+1, y2n−2j−1} for 1 ≤ 2j + 1 < l
(the boxed and over lined elements above). There are l− 1 = (n/2)− 1 of the latter two
types of conjugacy classes.
Using the identities x2 = y2n = 1 = xyxyn+1 we get yx = xyn−1 and yrx = xyr(n−1).
Hence
yrxyky−r = xyk+r(n−1)−l = xyk+r(n−2)
and for r = 2q + 1 we get
yrxyky−r = xyk+(2q+1)(n−2) = xyk−4q+n−2.
Consequently recalling n = 2(2a+ 1) we get yrxyky−r = xyk+4(a−q). Moreover
x(xyk)x = ykx = xyk(n−1) = xyk(4a+1) = xyk+4ak.
This implies that the set of elements
{x, xy, xy2, . . . , xy2n−1}
breaks up into four distinct conjugacy classes
{x, xy4, . . . xy2n−4}, {xy, xy5, . . . xy2n−3}, {xy2, xy6, . . . xy2n−2},
and
{x3, xy7, . . . xy2n−1}.
Thus in the case of n = 2(2l + 1) there are exactly n+ 6 conjugacy classes.
Case when n = 4s. Now consider the case of l = 2s so n = 4s. We can divide
{1, y, ŷ2, . . . , y2j+1 , . . . , y2l−2j−1 , . . . , y2l, . . . yn+2r+1, . . . , y2n−2r−1, . . . , ŷ2n−2, y2n−1}
into conjugacy classes with one element in them (the underlined elements above):
{1}, {y2l = yn},
the conjugacy classes with even exponents {y2j, y2n−2j} with 1 ≤ j < l = n/2 (the hatted
elements above) and the other conjugacy classes with y having an odd positive exponent
are of the form
{y2j+1, yn−2j−1} for 1 ≤ 2j + 1 < l,
and
{yn+2j+1, y2n−2j−1} for 1 ≤ 2j + 1 < l
(the boxed and over lined elements above). There are 2(l/2) = n/2 of the latter two
types of conjugacy classes.
We lastly want to break
{x, xy, xy2, . . . , xy2n−1}
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into distinct conjugacy classes. For this we observe
(19) yrxyky−r = xyk+r(n−2) = xyk+4rs−2r
and
x(xyk)x = ykx = xyk(n−1) = xyk(4s−1) = xy4ks−k = yk(xyk)y−k,
so we need only consider (19). When r = 2q + 1 we get
yrxyky−r = xyk+r(n−2) = xyk+(2q+1)(n−2) = xyk+2qn+n−2−4q = xyk+4(s−q)−2
and for r = 2p we get
yrxyky−r = xyk+r(n−2) = xyk+2p(n−2) = xyk−4p.
Since p and q are arbitrary integers we get two conjugacy classes:
{x, xy2, . . . , xy2n−2}, {xy, xy3, . . . , xy2n−1}.
Thus in the case of n = 4 we get exactly n + 3 conjugacy classes. 
3.1.1. Representations of Un, n even.
Proposition 3.1.2. When n = 2(2l + 1) the irreducible representations of Un are the
eight one dimensional irreducible representations ρ1 (the trivial representation),
ρ2(x) = 1, ρ2(y) = −1, ρ3(x) = −1, ρ3(y) = −1, ρ4(x) = −1, ρ4(y) = 1,
ρ5(x) = 1, ρ5(y) = ı, ρ6(x) = 1, ρ6(y) = −ı, ρ7(x) = −1,
ρ7(y) = −ı, ρ8(x) = −1, ρ8(y) = ı,
and the two dimensional irreducible representations for ζ = exp(2πı/2n),
(20) Rh(x) =
(
0 1
1 0
)
, Rh(y) =
(
ζh 0
0 (−1)hζ−h
)
for h odd (excluding h = n/2 if n = 2(2l + 1) with 1 ≤ h < n or n < h < 2n and h even
with 2 ≤ h < 2n, h 6= n. Thus there are 8 + (n/2) − 1 + (n/2) − 1 = n + 6 irreducible
representations.
When n = 4l the irreducible representations of Un are the four one dimensional irre-
ducible representations ρ1 (the trivial representation):
ρ2(x) = 1, ρ2(y) = −1, ρ3(x) = −1, ρ3(y) = −1, ρ4(x) = −1, ρ4(y) = 1,
and the two dimensional irreducible representations for ζ = exp(2πı/2n) given by (20).
In this case, there are 4 + (n/2) + (n/2)− 1 = n+ 3 irreducible representations.
Note in the case n = 4l above we have the sum of the squares of the dimensions of the
irreducible representations with their multiplicities is 4+4(n−1) = 4n = |Un| as it should
be and also the number of conjugacy classes n+3 is equal to the number of inequivalent
irreducible representations. In the case n = 2(2l + 1) we have n + 6 = 8 + (n − 2)
conjugacy classes and 8+(n−2) irreducible representations. Then we can check the sum
of the squares of the dimensions of the irreducible representations with their multiplicities
8 + 4(n− 2) = 4n.
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Proof. For a 1-dimensional representation ρ of Uk we must check the defining relations
for Uk:
ρ(x)ρ(y)ρ(x)ρ(y)n+1 = 1 = ρ(x)2 = ρ(y)2n
where ρ(x), ρ(y) ∈ C×. Thus ρ(x) = ±1 and from the first equation and last equations
we get ρ(y)n+2 = 1 = ρ(y)2n so ρ(y)2n+4 = (ρ(y)n+2)2 = 1. Hence ρ(y)4 = 1 and
ρ(y) ∈ {±1,±ı}. When n = 4l we have ρ(y)n = ρ(y)4l = 1 = ρ(y)n+2 so that ρ(y)2 = 1
and ρ(y) = ±1.
For 0 ≤ h < 2n we have representations Rh : Un → GL2(C) as above since
Rh(x)
2 =
(
0 1
1 0
)2
= I2 = Rh(y)
2n =
(
ζh 0
0 (−1)hζ−h
)2n
,
and
Rh(x)Rh(y)Rh(x)Rh(y)
n+1 =
(
0 1
1 0
)(
ζh 0
0 (−1)hζ−h
)(
0 1
1 0
)(
ζh 0
0 (−1)hζ−h
)n+1
=
(
0 (−1)hζ−h
ζh 0
)(
0 1
1 0
)(
ζh(n+1) 0
0 (−1)h(n+1)ζ−h(n+1)
)
=
(
0 (−1)hζ−h
ζh 0
)(
0 1
1 0
)(
(−1)hζh 0
0 ζ−h
)
=
(
0 (−1)hζ−h
ζh 0
)(
0 ζ−h
(−1)hζh 0
)
= I2
as n is even. Consequently Rh is a representation.
For 1 ≤ h < n odd, the representations Rh and Rn−h are isomorphic with change of
basis matrix
T =
(
0 −1
−1 0
)
as (
0 −1
−1 0
)(
ζh 0
0 (−1)hζ−h
)(
0 −1
−1 0
)
=
(
(−1)hζ−h 0
0 ζh
)
=
(
ζn−h 0
0 ζ−n+h
)
.(21)
Similarly Rg and R3n−g are equivalent for odd g with n < g < 2n. Note that when h is
even (21) gives us Rh and R2n−h are equivalent.
Let us show that Rh and Rg are not equivalent for 1 ≤ h < n < g < 2n for odd g and
h. Indeed suppose that such an isomorphism exits. Then there exists a change of basis
matrix (
a b
c d
)
implementing this isomorphism.
Simplifying for h odd(
a b
c d
)(
0 1
1 0
)
=
(
0 1
1 0
)(
a b
c d
)
and
(
a b
c d
)(
ζh 0
0 −ζ−h
)
=
(
ζg 0
0 −ζ−g
)(
a b
c d
)
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gives us (
a b
c d
)
=
(
a b
b a
)
and
(
ζha −ζ−hb
ζhb −ζ−ha
)
=
(
ζga ζgb
−ζ−gb −ζ−ga
)
.
Thus ζh−ga = a and ζh+gb = −b. If a 6= 0, then h ≡ g mod 2n. If a = 0, then
h+ g ≡ n mod 2n so that h+ g = (2k+ 1)n but h+ g < n+2n = 3n. Thus 2k+1 = 1
and we get h+ g = n so that g = n− h < n, a contradiction.
Next we show that these representations are irreducible for h odd when n = 4s.
Otherwise say Rh fixes a one dimensional space spanned by (a, b)
t. Then the only one
dimensional subspaces fixed by Rh(x) are spanned by(
1
±1
)
.
On the other hand (
ζh 0
0 −ζ−h
)(
1
1
)
=
(
ζh
−ζ−h
)
= ζh
(
1
−ζ−2h
)
which is an eigenvalue if and only if ζ2h = −1 or h = n/2. Now h odd means that
n = 2(2s+ 1). If n = 4s, then there is no invariant vector. Similarly(
ζh 0
0 −ζ−h
)(
1
−1
)
=
(
ζh
ζ−h
)
= ζh
(
1
ζ−2h
)
leads also to n = 2(2s+1). As a consequent we have (n/2)−1 irreducible representations
Rh , h odd, if n = 4s and n/2 if n = 4s.
Note that when a is even (21) gives us Ra and R2n−a are equivalent. Moreover Rn is
reducible as
Rn(y) =
(
ζn 0
0 (−1)nζ−n
)
=
(
−1 0
0 −1
)
.
Simplifying for 1 ≤ h, g < n(
a b
c d
)(
0 1
1 0
)
=
(
0 1
1 0
)(
a b
c d
)
and
(
a b
c d
)(
ζ2h 0
0 ζ−2h
)
=
(
ζ2g 0
0 ζ−2g
)(
a b
c d
)
give us (
a b
c d
)
=
(
a b
b a
)
and
(
ζ2ha ζ−2hb
ζ2hb ζ−2ha
)
=
(
ζ2ga ζ2gb
ζ−2gb ζ−2ga
)
.
Hence either 2h = 2g mod 2n or 2h + 2g ≡ 0 mod 2n. In the first case h − g = kn
for some k. But 1 ≤ h, g ≤ n leads to h = g. If h + g = nk for some k, then since
1 ≤ g, h < n one gets k = 1 and g = n − h or 2g = 2n − 2h which is the equivalence
given above from (21).
Let us check that R2h are irreducible for 2 ≤ 2h < n. Otherwise R2h fixes a one
dimensional subspace spanned by either (1, 1)t or (1,−1)t. We calculate(
ζ2h 0
0 ζ−2h
)(
1
1
)
=
(
ζ2h
ζ−2h
)
= ζ2h
(
1
ζ−4h
)
so that one would need 4h = 2n or 2h = n. But 2h < n.
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Similarly (
ζ2h 0
0 ζ−2h
)(
1
−1
)
=
(
ζ2h
−ζ−2h
)
= ζ2h
(
1
−ζ−4h
)
implies 4h = 2n again a contradiction. Consequently there are (n/2) − 1 irreducible
representations of the form R2h with 2 ≤ 2h < n.
Observe that Rh, h odd, can not be equivalent to Rg, g even as otherwise there is a
change of basis matrix A such that ARh(a)A
−1 = Rg(a) for all a ∈ Un which means in
particular that −1 = detRh(y) = detRg(y) = 1. 
3.2. Character Table and Irreducible Finite Dimensional Representations of
Dicn. The dicyclic group is defined to be
Gn = Dicn := 〈y, x : y
2n = 1, x2 = yn, yxy = x〉.
Proposition 3.2.1 ([Cox91]). The conjugacy classes of Gn are
(1) {1}, {yn}, {yi, y2n−i} where 1 ≤ i ≤ n− 1,
(2) {x, xy2, . . . , x2n−2}, {xy, xy3, . . . , xy2n−1}.
Proof. From yxy = x, we have x−1yix = y−i = x2n−i. So we have the conjugacy classes
in (1). Then we calculate
x−1(xyi)x = yix = xy2n−i and y(xyi)y−1 = yxyi−1 = xyi−2.
So we get two conjugacy classes in (2). 
3.2.1. Irreducible representations. This section was certainly known to Coxeter in [Cox91].
The dicyclic group Dicn is as double cover of the dihedral group:
(22) {±1} 
 yn
// Dicn // // Dn.
3.3. When n is even. We have (n − 2)/2 inequivalent irreducible representations σk :
Dicn → GL2(C) given by
σk(a) =
(
eπık/n 0
0 e−πık/n
)
, σk(x) =
(
0 1
1 0
)
(23)
where k = 1, 2, . . . , (n− 2)/2.
By Proposition 3.2.1 one knows that there are n+ 3 conjugacy classes and thus there
are n+ 3 irreducible representations (see [Ser77, Theorem 7, page 19]).
There are n/2 irreducible representations of degree 2 of the form
τk(a) =
(
eπık/n 0
0 e−πık/n
)
, τk(x) =
(
0 −1
1 0
)
(24)
where 1 ≤ k ≤ n is odd.
In addition there is the trivial representation ω0 and the representations
ω1(y) = 1, ω1(x) = −1,
ω2(y) = −1, ω2(x) = 1,
ω3(y) = −1, ω3(x) = −1.
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3.4. When n is odd. Again we describe n + 3 irreducible representations over the
complex numbers.
We have (n− 1)/2 inequivalent irreducible representations σk : Dicn → GL2(C) given
by
σk(a) =
(
eπık/n 0
0 e−πık/n
)
, σk(x) =
(
0 1
1 0
)
(25)
where k = 1, 2, . . . , (n− 1)/2.
There are (n− 1)/2 other irreducible representations of degree 2 of the form
γk(a) =
(
eπık/n 0
0 e−πık/n
)
, γk(x) =
(
0 −1
1 0
)
(26)
where k = 1, 2, 3, . . . , n− 2.
In addition there is the trivial representation ω0 and the representations
ω1(y) = −1, ω1(x) = 1,
ω2(y) = −1, ω1(x) = ı,
ω3(y) = −1, ω2(x) = −ı.
4. The decomposition of the space of Ka¨hler differentials modulo
exact forms for D2k
Let r = 2n, R = R2(p) and let G := Aut(R) be the groups in Corollary 2.3. For φ ∈ G
and rds ∈ ΩR/dR, the action of G on the Ka¨hler differential is given by:
(27) φ(rds) = φ(r)dφ(s).
First we include the following lemma for completeness.
Lemma 4.1 ([CI18], Lemma 7.1). If n is even, the character table is given as follows:
M =

ρ1 ρ2 ρ3 ρ4 χ1 . . . χh . . . χ(n/2)−1
1 1 1 1 1 2 . . . 2 . . . 2
ψ 1 −1 1 −1 0 . . . 0 . . . 0
ψφ 1 −1 −1 1 0 . . . 0 . . . 0
φ 1 1 −1 −1 2 cos
(
2pi
n
)
. . . 2 cos
(
2pih
n
)
. . . 2 cos
(
2pi((n/2)−1)
n
)
...
...
...
...
...
...
. . .
...
. . .
...
φk 1 1 (−1)k (−1)k 2 cos
(
2pik
n
)
. . . 2 cos
(
2pihk
n
)
. . . 2 cos
(
2pik((n/2)−1)
n
)
...
...
...
...
...
...
. . .
...
. . .
...
φn/2 1 1 (−1)n/2 (−1)n/2 −2 . . . 2(−1)h . . . 2(−1)(n/2)−1

.
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So we have
M−1 =M t

1
2n 0 0 0 . . . 0 . . . . . . 0
0 n/22n 0 0 . . . 0 . . . . . . 0
0 0 n/22n 0 . . . 0 . . . . . . 0
0 0 0 22n . . . 0 . . . . . . 0
...
...
...
...
. . .
...
. . .
...
...
0 0 0 0 . . . 22n . . .
... 0
...
...
...
...
. . .
...
. . .
...
...
0 0 0 0 . . .
... . . . 22n 0
0 0 0 0 . . . 0 . . . 0 12n

=

1
2n
1
4
1
4
1
n . . .
1
n . . .
1
2n
1
2n −
1
4 −
1
4
1
n . . .
1
n . . .
1
2n
1
2n
1
4 −
1
4 −
1
n . . .
(−1)k
n . . .
(−1)n/2
2n
1
2n −
1
4
1
4 −
1
n . . .
(−1)k
n . . .
(−1)n/2
2n
1
n 0 0
2
n cos (2pi/n) . . .
2
n cos (2pih/n) . . . −
1
n
...
...
...
...
. . .
...
. . .
...
1
n 0 0
2
n cos (2pih/n) . . .
2
n cos (2pihk/n) . . .
(−1)h
n
...
...
...
...
. . .
...
. . .
...
1
n 0 0
2
n cos (2pi ((n/2)− 1) /n) . . .
2
n cos (2pik ((n/2)− 1) /n) . . .
(−1)(n/2)−1
n

.
Lemma 4.2. If n is odd, the character table is given by the matrix
Modd =

ρ1 ρ2 χ1 . . . χh . . . χ(n−1)/2
1 1 1 2 . . . 2 . . . 2
ψ 1 −1 0 . . . 0 . . . 0
φ 1 1 2 cos
(
2pi
n
)
. . . 2 cos
(
2pih
n
)
. . . 2 cos
(
2pi(n−12 )
n
)
...
...
...
...
. . .
...
. . .
...
φk 1 1 2 cos
(
2pik
n
)
. . . 2 cos
(
2pihk
n
)
. . . 2 cos
(
2pik(n−12 )
n
)
...
...
...
...
. . .
...
. . .
...
φ(n−1)/2 1 1 2 cos
(
2pi n−12
n
)
. . . 2 cos
(
2pihn−12
n
)
. . . 2 cos
(
2pi(n−12 )
2
n
)

.
So
M−1
odd
=M todd

1
2n 0 0 0 . . . 0 . . . . . . 0
0 n2n 0 0 . . . 0 . . . . . . 0
0 0 22n 0 . . . 0 . . . . . . 0
0 0 0 22n . . . 0 . . . . . . 0
...
...
...
...
. . .
...
. . .
...
...
0 0 0 0 . . . 22n . . . . . . 0
...
...
...
...
. . .
...
. . .
...
...
0 0 0 0 . . . . . . . . . 22n 0
0 0 0 0 . . . 0 . . . 0 22n

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=

1
2n
n
2n
2
2n . . .
2
2n . . .
2
2n
1
2n −
n
2n
2
2n . . .
2
2n . . .
2
2n
2
2n 0
2
2n cos
(
2pi
n
)
. . . 22n cos
(
2pik
n
)
. . . 22n cos
(
2pi n−12
n
)
...
...
...
. . .
...
...
2
2n 0
2
2n cos
(
2pih
n
)
. . . 22n cos
(
2pihk
n
)
. . . 22n cos
(
2pihn−12
n
)
...
...
...
...
. . .
...
2
2n 0
2
2n cos
(
2pi(n−12 )
n
)
. . . 22n cos
(
2pik(n−12 )
n
)
. . . 22n cos
(
2pi(n−12 )
2
n
)

.
Proof. The matrix Modd is the character table for Dn when n is odd. From page 38 in
[Ser77], we obtain the character table for n odd:
(φ+ζ )
k ψ+c (φ
+
ζ )
k
ρ1 1 1
ρ2 1 −1
χh 2 cos (2πhk/n) 0
where 1 ≤ h ≤ (n− 1)/2, ψ+c is a reflection, and φ
+
ζ is a rotation.
Letting Ξ denote the set of conjugacy classes of the groupDn, we get the inverse matrix
forModd from the orthogonality of the characters of the irreducible representations. That
is, one uses
(28)
∑
{g}∈Ξ
|{g}|
|Dn|
χπ(g)χρ(g) =
{
1 for π ∼= ρ,
0 otherwise,
for any two irreducible representations π and ρ of Dn (see page 260 in [Ter99]).
The distinct conjugacy classes of Dn (for n odd) are:
{I}, {(φ
+
ζ ), (φ
+
ζ )
−1}, . . . , {(φ+ζ )
i, (φ+ζ )
−i}, . . . , {(φ+ζ )
m˜, (φ+ζ )
−m˜}, {ψ+c (φ
+
ζ )
k : 0 ≤ k < n}
since odd dihedral groups have trivial center. 
So under an action by G, we decompose ΩR/dR = Z(ĝ) into a direct sum of irreducible
representations. Our goal in this section is to describe the module structure of ΩR/dR
into irreducibles under the action by G for a particular R2(p).
For completeness, we state the full result when the automorphism group is Dn, where
n ∈ N.
Theorem 4.3. Let p(t) = t(t− α1) · · · (t−α2n), where αi are pairwise distinct. Assume
σ±c exists in Aut(R2(p)) for some nonzero c ∈ C, c
2n = a1 and k|n.
If k is also even, then under the action of D2k the center decomposes as:
(29) ΩR/dR ∼= Cω0 ⊕
4⊕
i=3
U
(1−(−1)k)n
2k
i ⊕
k−1⊕
h=1
V
⊕
(1−(−1)h)n
k
h .
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where Ui, i = 1, 2, 3, 4 are the irreducible one dimensional representations for D2k with
character ρi and Vh are the irreducible 2-dimensional representations for D2k with char-
acter χh, 1 ≤ h ≤ k − 1. Note Cω0 and U1 are the trivial representations.
If k is odd, then the center decomposes as:
(30) ΩR/dR ∼= Cω0 ⊕
4⊕
i=3
U
⊕Υi(ǫi,νi)
i ⊕
k−1⊕
j=1
V
⊕ (1−(−1)
j )n
k
j ,
where
Υi(ǫi, νi) =
n
2k
+
ǫi
4
2n∑
i=n+3
c
n+3−2i
2 Pi−n−3,−i +
νi
4
2n∑
i=n+3
ζ
2n+3−2i
2 c
n+3−2i
2 Pi−n−3,−i
with
Υi(ǫi, νi) =
(1− (−1)k)n
2k
(δi,3 + δi,4) +
1− (−1)n
4
(δi,4 − δi,3) +
1
2
(−1)i
2n∑
i=n+3
cn+3−2iPi−n−3,−i.
If the automorphism group is Dn, where n is odd, then the center decomposes as
(31) ΩR/dR ∼= Cω0 ⊕ U
Ξ1
1 ⊕ U
Ξ2
2 ⊕
n−1
2⊕
j=1
Vj ,
where
Ξ1 =
1
2
−
1
2
2n∑
i=n+3
c
n+3−2i
2 Pi−n−3,−i and Ξ2 =
3
2
+
1
2
2n∑
i=n+3
c
n+3−2i
2 Pi−n−3,−i,
Cω0 is a 1-dimensional irreducible representation, Ui are pairwise distinct 1-dimensional
irreducible representations, and Vj are pairwise distinct 2-dimensional irreducible repre-
sentations.
When n = 2, we have Cω2 ⊕ Cω3 and Cω1 ⊕ Cω4 as two 2-dimensional irreducible
representations of D2 × Z2.
Remark 4.4. If σ±c does not exist, then we obtain the automorphism group being C2k,
and the decomposition is done in Theorem 7.2.(1) in [CI18].
Corollary 4.5. If ωi = c
−n+3−2i
2 ζ−
i
2ωi for 1 ≤ i ≤ n + 2, then ωi and ωn+3−i span a
2-dimensional irreducible representation.
If n is even, then 1 ≤ i ≤ (n+ 2)/2 in Corollary 4.5.
We will now prove Theorem 4.3.
Proof. When n is even, the proof is given on pages 85-90 in [CI18].
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For n odd, we have Cωi⊕Cωn+3−i forming 2-dimensional irreducibleDn-representations
for 1 ≤ i ≤ n+1
2
since similar to the case when n is even, we have
(32)
φ+ζ |{ωi,ωn+3−i} =
(
ζ
2n+3−2i
2 0
0 ζ
2i−3
2
)
and ψ+c |{ωi,ωn+3−i} =
(
0 −c−
n+3−2i
2
−cn+3−2i 0
)
,
where tr(φ+ζ |{ωi,ωn+3−i}) = ζ
n and tr(ψ+c |{ωi,ωn+3−i}) = 0. It follows from Corollary 4.5
that we indeed have 2-dimensional irreducible representations.
Furthermore, since
(33) ψ+c (ωn+3
2
) = −ωn+3
2
and φ+ζ (ωn+32
) = −ωn+3
2
,
ωn+3
2
is a basis vector for a one-dimensional sign representation Cωn+3
2
under the action
of Dn (for n odd).
Similar to the proof of Theorem 7.2 in [CI18], we have the automorphisms
(34) φ+ζ (ωi) = ζ
2n+3−2i
2 ωi for n + 3 ≤ i ≤ 2n
and
(35) ψ+c (ωi) = −c
n+3−2iωn+3−i, where n+ 3 ≤ i ≤ 2n.
Since ωn+3−i = ti−n−3u dt,
ti−n−3u dt =
2n∑
k=1
Pi−n−3,−kωk.
Thus for n + 3 ≤ i ≤ 2n, we have
ψ+c (ωi) = −c
n+3−2i
2n∑
k=1
Pi−n−3,−kωk.
The trace of φ+ζ in basis {ω1, . . . , ω2n} is
tr(φ+ζ ) =
2n∑
i=1
ζ
2n+3−2i
2
while the trace of ψ+c with respect to {ω1, . . . , ω2n} is
tr(ψ+c ) = −1 −
2n∑
i=n+3
cn+3−2iPi−n−3,−i.
For n odd, the system of equations we need to solve is
χ(ΩR/dR)/Cω0 = n1ρ1 + n2ρ2 +
n−1
2∑
h=1
mhχh,
20 BEN COX, XIANGQIAN GUO, MEE SEONG IM, AND KAIMING ZHAO
which are precisely,
2n = n1 + n2 +
n−1
2∑
h=1
2mh,
2n∑
i=1
ζ
(2n+3−2i)k
2 = n1 + n2 +
n−1
2∑
h=1
2mh cos(2πhk/n) for 1 ≤ k ≤ m˜ = (n− 1)/2,
−1−
2n∑
i=n+3
cn+3−2iPi−n−3,−i = n1 − n2 for ψ
+
c .
The sum
2n∑
i=1
ζ
(2n+3−2i)k
2 simplifies as:
2n∑
i=1
ζ
(2n+3−2i)k
2 = ζ
3
2
k
2n∑
i=1
ζ (n−i)k = ζ
3
2
k
(
ζ (n−1)k + ζ (n−2)k + . . .+ ζk + 1 + ζ−k + . . .+ ζ−2nk
)
= 0.
Using Equation (14), we see that 3n− 2i+ 4 = 2n− qk + 1, where n+ 3 ≤ i ≤ 3(n+1)
2
and 0 ≤ q ≤ 2n/k. The equation simplifies as n+3− 2i = −qk. Since n+3− 2i is even,
qk is also even.
So the above set of equations can be rewritten as:
Modd

n1
n2
m1
m2
...
mh
...
m(n−1)/2

=

2n
−1 −
2n∑
i=n+3
cn+3−2iPi−n−3,−i
0
0
...
0
0

.
So
n1
n2
m1
m2
...
mh
...
m(n−1)/2

=

1
2n
n
2n
2
2n
. . . 2
2n
. . . 2
2n
1
2n
− n
2n
2
2n
. . . 2
2n
. . . 2
2n
2
2n
0 2
2n
cos
(
2pi
n
)
. . . 2
2n
cos
(
2pik
n
)
. . . 2
2n
cos
(
2pi n−1
2
n
)
..
.
..
.
..
.
. . .
..
.
..
.
2
2n
0 2
2n
cos
(
2pih
n
)
. . . 2
2n
cos
(
2pihk
n
)
. . . 2
2n
cos
(
2pihn−1
2
n
)
..
.
..
.
..
.
..
.
. . .
..
.
2
2n
0 2
2n
cos
(
2pi
(
n−1
2
)
n
)
. . . 2
2n
cos
(
2pik
(
n−1
2
)
n
)
. . . 2
2n
cos
(
2pi
(
n−1
2
)2
n
)


2n
Ξ
0
0
...
0
0

,
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where Ξ = −1−
2n∑
i=n+3
cn+3−2iPi−n−3,−i, which we conclude

n1
n2
m1
m2
...
mh
...
m(n−1)/2

=

1
2
− 1
2
2n∑
i=n+3
cn+3−2iPi−n−3,−i
3
2
+ 1
2
2n∑
i=n+3
cn+3−2iPi−n−3,−i
2
2
...
2

.
Now, let n = 2. Then under the action by D2 × Z2, we have:
ψ+c (ω1) = −c
3
2ω4, ψ
+
c (ω2) = −c
1
2ω3, ψ
+
c (ω3) = −c
− 1
2ω2, ψ
+
c (ω4) = −c
− 3
2ω1.
This implies with respect to the ordered basis {ω2, ω3} and {ω1, ω4}, the matrix for ψ
+
c
is given by:
ψ+c
∣∣∣
{ω2,ω3}
=
(
0 −c−
1
2
−c
1
2 0
)
and ψ+c
∣∣∣
{ω1,ω4}
=
(
0 −c−
3
2
−c
3
2 0
)
,
respectively.
Under the action by φ+ζ , we have:
φ+ζ (ω1) = ζ
5
2ω1, φ
+
ζ (ω2) = ζ
3
2ω2, φ
+
ζ (ω3) = ζ
1
2ω3, φ
+
ζ (ω4) = ζ
− 1
2ω4.
So
φ+ζ
∣∣∣
{ω2,ω3}
=
(
ζ
3
2 0
0 ζ
1
2
)
and φ+ζ
∣∣∣
{ω1,ω4}
=
(
ζ
5
2 0
0 ζ−
1
2
)
.
Using the representation theory of the dihedral group D2 of order 4, we see that
Cω2⊕Cω3 and Cω1⊕Cω4 are two 2-dimensional irreducible representations ofD2×Z2. 
We will now prove Corollary 4.5 for completeness.
Proof. For n even, we change the basis to ωi = c
−n+3−2i
2 ζ−
i
2ωi for 1 ≤ i ≤ n + 2 to see
that we have 2-dimensional irreducible representations. Since
ωn+3−i = c
n+3−2i
2 ζ−
n+3−i
2 ωn+3−i for 1 ≤ i ≤ n+ 2,
we have
(1) φ+ζ (ωi) = c
−n+3−2i
2 ζ−
2i
4 ζ
2n+3−2i
2 ωi = ζ
2n+3−2i
2 ωi,
(2) φ+ζ (ωn+3−i) = c
n+3−2i
2 ζ−
n+3−i
2 ζ
−3+2i
4 ωn+3−i = ζ
− 2n+3−2i
2 ωn+3−i,
(3) ψ+c (ωi) = −c
−n+3−2i
2 ζ−
2i
4 cn+3−2iωn+3−i = ζ
2n+3−2i
2 ωn+3−i,
(4) ψ+c (ωn+3−i) = −c
n+3−2i
2 ζ−
n+3−i
2 c−
n+3−2i
2 ωi = ζ
− 2n+3−2i
2 ωi.
22 BEN COX, XIANGQIAN GUO, MEE SEONG IM, AND KAIMING ZHAO
With respect to the basis ω1, . . . , ωn+2, we obtain
φ+ζ
∣∣∣
{ωi,ωn+3−i}
=
(
ζ
2n+3−2i
2 0
0 ζ−
2n+3−2i
2
)
and ψ+c
∣∣∣
{ωi,ωn+3−i}
=
(
0 ζ−
2n+3−2i
2
ζ
2n+3−2i
2 0
)
,
which coincide with classical 2-dimensional dihedral group irreducible representations.
For n odd, with respect to the basis ωi = c
−n+3−2i
4 ζ−
i
2ωi for 1 ≤ i ≤ n + 2, we have
φ+ζ
∣∣∣
{ωi,ωn+3−i}
=
(
ζ
2n+3−2i
2 0
0 ζ−
2n+3−2i
2
)
and ψ+c
∣∣∣
{ωi,ωn+3−i}
=
(
0 ζ−
2n+3−2i
2
ζ
2n+3−2i
2 0
)
,
with
(36) ψ+c (ωn+3
2
) = −ωn+3
2
and φ+ζ (ωn+32
) = ζn/2ωn+3
2
= −ωn+3
2
.

The following examples are also in [CI18] but we state them here to provide examples
for when n is odd.
Example 4.6. Let n = 3 and k = 3. Then p(t) = t(t3 − α31)(t
3 − α32), with
ψ+c =

0 0 0 0 − 1
c2
0
0 0 0 −1
c
0 0
0 0 −1 0 0 0
0 −c 0 0 0 0
−c2 0 0 0 0 0
0 0 0 0 0 −
α31α
3
2
c6
 .
In this case, α31α
3
2 = c
6, and the trace of ψ+c is −2. This gives us multiplicities
n1 = n2 = n3 = 0, n4 = 2, m1 = 2.
Example 4.7. When n = 9 and k = 3, we obtain tr(ψ+c ) = −2 = − tr(ψ
+
c φ
+
ξ ), and hence
n1 = n2 = 0, n3 = 2, n4 = 4, m1 = 6, m2 = 0.
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